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Introduction

Networks representing interactions in physical, biological or social systems exhibit a structured
connectivity and, at the same time, a high degree of disorder [3]. Neuronal networks are
a paramount example of structured connectivity with a high degree of disorder. On the one
hand, they are highly structured. Very often a neuron is either excitatory or inhibitory (Dale's
law). Moreover, balanced networks are currently a major subject of study [9, 4, 12]. On the
other hand, neuronal networks display characteristic disorder properties in the interconnection
strengths [7, 6]. Studies show that certain levels of disorder, rather than being detrimental,
might be functional [2, 8, 10].
We study the role of structure and disorder and show that their interaction leads to novel forms
of synchrony that could not exist if either one is suppressed. These results are published in [5].

Model

Neural network model:

We investigate the dynamics of a canonical model of random neural network [11, 1]:

ẋi = −xi +
n∑
j=1

JijS(xj) (1)

xi represents the activity of neuron i, S(·) is a sigmoid function accounting for the synaptic
response, and Jij corresponds to the synaptic weight from neuron j to neuron i.

Connectivity model:

For the connectivity matrix we use the coe�cients

Jij = µmj + σξij

• m = (mi)1≤i≤n a normalized vector with sum zero corresponding to the structure of the
network (e.g. excitatory-inhibitory),

• (ξij)1≤i,j≤n centered weakly correlated random variables with variance χ2
j/n correspond-

ing to the disorder of the network,
• Balance condition i.e.

∑
j ξij = 0 (can be relaxed to

∑
i ξij = o(1) as n→∞).

µ and σ control the presence of structure and disorder in the connectivity.

Numerical simulations
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Figure: Solution of the network equations with S = tanh and N = 1000, for di�erent dis-
tributions of ξ and µ, and χj uniformly distributed in [0, 1]. Red curves (front): ensemble
average activity, blue shaded areas: average plus minus one standard deviation, gray curves
(background): 20 individual trajectories. Top: ξij are centered independent Gaussian variables
(fully connected case) with mi = ±1/

√
n. Middle: sparse ξ (p = 0.5). Bottom: ξ has a small

world structure. In the two last rows, the non-zero coe�cients of ξ are uniformly distributed
in [−1, 1] and m is a normalized Gaussian vector with zero sum.
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Reduced model

We describe the macroscopic activity through the empirical mean z = 1
n

∑
j xj and the indi-

vidual deviations from the mean yi = xi − z (the vector y is given by (y1, · · · , yn) and the
standard deviation is |y|). Expanding S(·) we obtain:

ż = −z + S′(z)µmt · y + ϕ(z,y) +O(
1√
n
) (2)

ẏ = −y + σS′(z) ξ · y + ξ · ψ(z,y) +O(
1√
n
) (3)

where φ and ψ correspond to higher order terms in y.

• The dynamics of the mean (Eq. (2)) are driven by the scalar quantity
µmt · y = µ|y| cos(θ) where θ is the angle formed by the vectors m and y.

• The dynamics of the �uctuations (Eq. (3)) are dominated by the modes corresponding
to the eigenvalues with largest real part of the matrix ξ, which we call stability exponents.

We denote λi the eigenvalues of ξ corresponding to the normalized eigenvectors ei, and
ci = yt · ei the projection of y along the direction of ei. Neglecting nonlinear and o(1) terms
the system can be in one of two situations: (i) either the stability exponent λ1 is real, or (ii)
there exist two complex stability exponents λ1 and λ2 = λ∗1.

Complex stability exponents:
ż = −z + µ cos(θ)S′(z)|c1|
ċR1 = −cR1 + σS′(z)(λR1 c

R
1 − λI1cI1)

ċI1 = −cI1 + σS′(z)(λI1c
R
1 + λR1 c

I
1)

(4)

For λ1σ < 1 the origin the unique solution and it is stable. The system undergoes a Hopf
bifurcation at σ = 1/λR1 with emergence of periodic orbits with frequency λI1/λ

R
1 close to the

bifurcation.

Figure: Comparison of the empirical
average and standard deviation of
the original (dotted line) and reduced
(solid line) models. The right panel
shows the spectra of ξ, red arrows
indicate the stability exponents. ξij
are centered independent Gaussian
variables (fully connected case) with
mi = ±1/

√
n.
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Real stability exponent:

This case can be analyzed as the previous one. For λ1σ < 1 the origin the unique solution and
it is stable. There is a pitchfork bifurcation when σ exceeds 1/λ1, the origin looses its stability
and two new stable �xed points appear at z± = ±φ( 1

λ1σ
) and c±1 = λ1σ

µ cos(θ)z
± where φ is the

inverse of S′(·).

Back to the original model

The reduced model helps us understand the real system. In the real system, the transition
from the quiescent state to the active state also happens sharply when σ crosses certain
threshold. However, for the active states the transition from disorder to synchrony takes
place gradually. Increasing µ reduces the standard deviation of the trajectories, which
corresponds to stronger synchronization, whereas increasing σ has the opposite e�ect. In
the limit of very large µ the behavior of the real system is the same as that of the reduced model.

Figure: Averaged standard deviation of trajec-
tories of the balanced network after a transient
regime, with N = 1000. ξij are centered in-
dependent Gaussian variables (fully connected
case) with mi = ±1/

√
n.
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Discussion

We show how the interplay between structure and disorder in the connectivity leads to a
universal transition from trivial to synchronized stationary or periodic states. This transition
cannot be explained only through the analysis of the spectral density of the connectivity
matrix. We provide a low dimensional approximation that reveals the role of both the structure
and disorder in the dynamics and we have identi�ed the two key connectivity parameters µ
and σ.

Perspectives

• This study can provide some insight on the biological functionality of excitatory-inhibitory
balanced networks as well as on the role of disorder in the transitions between physiological
and pathological behaviors.

• It may be interesting to measure µ and σ experimentally since they may be involved in
the regulatory processes controlling neuronal activity.

• Properties of the stability exponents should be studied in order to better understand this
kind of phenomena.


